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Abstract Fuzzy set theory models situations in which the uncertainty is due to the non-precise (fuzzy)
environment. One such case is testing the hypotheses problem where hypotheses are fuzzy rather than
crisp and the data are crisp. Pais and Benton (1997) [1] present a suitable amount of cadmium absorption
which is more appropriate for modeling by a fuzzy subset. In this paper, on real-world agricultural data
generated by Ivani (2007) [2], the suitableness of the mean absorption cadmium in the plant from the
polluted soil is tested at the given significance level. Due to uncertainty in the suitable amount of cadmium
absorption, in order to test this amount, we use fuzzy hypotheses testing instead of classical hypotheses
testing. The fuzzy p-value approach is used for this test to concludewhether or not themean absorption of
cadmium coincides with the proposed amounts by Pais and Benton [1]. As expected, in fuzzy hypotheses
testing, the degree of acceptance or rejection of the null fuzzy hypothesis is computed for each treatment of
pollution. The data are from two plants: radish and cress, which are experimented on in soil polluted with
CdNO3 salt. The results showed that using classical hypotheses testingmay lead to contradictory decisions,
and the proposed fuzzy hypotheses testing is a rational substitute for classical hypotheses testing when
the environment is in a vague status.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction and background
Soil pollution is extremely harmful to human health and the
environment. Heavy metals are among the most important el-
ements of soil pollution, an environment which has attracted
much attention among the scientists. Some heavy metals in-
clude Zinc (Zn), Copper (Cu), Lead (Pb), Cadmium (Cd) and etc.
Most heavy metals infiltrate and accumulate in top soil. Ac-
cumulation of heavy metals in soil is incremental and, in the
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ination that may constitute a real threat to food safety for hu-
mans [3].
A review of the investigation results shows that the level
of concentration of heavy metals depends upon, and varies
with, type of metal, soil conditions and type of plant variety.
However, normally, the level of concentration in upper parts
of a plant or crop, such as the leaves and stem, is significantly
higher than that of other parts, and is significantly lower in
seeds, as compared to leaves and stems [4,5]. Sappin-Didier
et al. [6] investigated the Cd uptake capacity of transgenic
tobaccos (Nicotiniana tabacum). Moreover, some plant species
are characterized by a higher or lower tendency to absorb
trace metal [7]. For example [8] investigated taro (Colocasia
esculenta) as a potential Cd hyper accumulator. Menon et al. [9]
investigated the influence of Cd onNorway spruce (Picea abies),
willow (Salix viminalis), poplar (Populus tremula), and birch
(Betula pendula) trees and a variety of herbaceous under-
storey plants. They were grown for three years in lysimeters
in open top chambers. Evapo-transpiration and root growth
were reduced by metal contamination treatment, independent
of subsoil type. Göthberg et al. [10] measured Cd in the leaves,
stems and roots of spinach (Ipomoea aquatica). Patel et al. [8]
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Ar Arsenic
C Carbon
Cd Cadmium
CEC Cation exchange capacity
Cr Chromium
Cu Copper
EC Electrical conductivity of saturation extract
F.C. Field capacity
Pb Lead
Ni Nickel
Zn Zinc
investigated taro (Colocasia esculenta) as a potential Cd hyper
accumulator.
Cao et al. [11] analyzed the potential ecological risk of cad-
mium, lead and arsenic in agricultural black soil on both root
and shoot growth in soybean by a method of risk assessment
based on dose-effect relationships. The results from the poten-
tial ecological risk index showed that soil contamination from
Cd in some samples had very high potential ecological risk; lead
contamination for almost all sampling sites had moderate eco-
logical risk, while soil contamination from arsenic had low eco-
logical risk.
Pais and Benton [1] presented the suitable amount of heavy
metal absorption in plants, which is more appropriate to be
denoted by fuzzy subsets introduced by Zadeh [12], as a tool
for modeling non-precise sets.
In recent years, the theory and application of fuzzy statistics
have been extensively developed by many researchers, such as
Taheri [13] and Viertl [14]. In testing statistical hypotheses, as
in other statistical problems, onemay be confronted with fuzzy
concepts. One case is a situation in which the hypotheses are
fuzzy. Watanabe and Imaizumi [15] presented an approach for
testing fuzzy hypotheses in which they introduced fuzzy crit-
ical regions and produced a fuzzy conclusion. Arnold [16,17]
worked on fuzzy hypotheses testing with crisp data. He pro-
vided new definitions for the probability of type I and type II
errors, and presented the best test for a one-parameter ex-
ponential family. Taheri and Behboodian [18] formulated the
problem of testing fuzzy hypotheses when the observations
are crisp. They presented new definitions for the probability
of type I and type II errors, and proved a version of the Ney-
man–Pearson lemma, which was used by Paris [19] to analyze
the effect of squeezing the channel in binary communication.
Son et al. [20], using a generalized Neyman–Pearson lemma,
presented a locally most powerful fuzzy test and studied its
application in signal detection. Arnold and Gerke [21] have
studied the testing of the fuzzy linear hypothesis in linear re-
gression models. Saade and Schwarzlader [22] and Saade [23]
developed fuzzy hypothesis testing for hybrid data underwhich
one hypothesis is a mixture of a random and a fuzzy compo-
nent. Torabi and Behboodian [24,25] introduced the likelihood
ratio test and also the sequential probability ratio test in testing
fuzzy hypotheses problems. Parchami and Mashinchi [26] con-
sidered testing fuzzy hypotheses problems with crisp data, via
aminimax point of view. Filzmoser and Viertl [27] haveworked
on the problem of testing hypotheses, and introduced a fuzzy p-
valuewhen the observations are fuzzy andhypotheses are crisp.
In a similar framework, and using the extension principle, Par-
chami et al. [28] worked on testing fuzzy hypotheses problemswith crisp data and introduced a concept of the p-value for such
situations.
The literature on fuzzy set theoretic approaches is rich, and
a significant amount of research is being carried out to iden-
tify solutions to new problems and refine existing approaches.
Despite a growing number of research publications, the utiliza-
tion of fuzzy logic based approaches in routine environmental
practice is fairly minimal. The major causes limiting the utility
of fuzzy logic approaches in environmental practice include a
lack of training in the basics of fuzzy logic among environmental
practitioners, the non-availability of easy to use software pro-
grams that implement fuzzy logic solutions and limited regu-
latory acceptance [29]. Most papers on fuzzy logic tend to be
highly mathematical in nature and, as such, may not be read-
ily comprehensible. In addition, the applications of theoretical
concepts are often not illustrated inmany publications, thereby
limiting the utility of such approaches in routine environmental
practice. According to Chapter 33 of [29]: ‘‘Mathematics of fuzzy
hypothesis testing is not as well developed as conventional hy-
pothesis testing, and this may be one of the reasons why the
use of fuzzy hypothesis testing has not been reported in the en-
vironmental literature’’. Moreover, testing classical hypotheses
fails in some applied situations due to the experimenter being
led to contradictory decisions (see Section 3.1). Hence it seems
that for the first time, this research can be considered as a step
to cover the gap between theoretical fuzzy hypotheses testing
and environmental practice.
The motivation of this study is to discuss why classical hy-
potheses testing may fail and we are forced to use fuzzy hy-
potheses testing as an alternative approach for demonstrating
its utility in some environmental practices. In this paper, the au-
thors are going to test the mean absorption of Cd in aerial and
bellow radish parts to conclude whether it coincides with the
proposed amounts by Pais and Benton [1]. The organization of
this paper is as follows. After introducing some basic prelimi-
naries in Section 2, a computational procedure is presented for
testing fuzzy hypotheses based on the fuzzy p-value approach.
An experimental study on Cd absorption, based on real-world
agricultural data generated in a laboratory at Tehran University
by Ivani [2], is presented in Section 3. A conclusion is given in
the final section.
2. Preliminary concepts of testing fuzzy hypotheses
2.1. Fuzzy set theory
One way to handle practical problems, particularly those
connectedwith uncertainty and imprecision about input values
and theoretical relationships, is to apply the framework of
fuzzy logic, which is based on a fuzzy set theory proposed
by Zadeh [12]. The notion of a fuzzy set extends the concept
of set membership to situations in which there are many,
and possibly a continuum of, grades of membership. Unlike
a classical set, which has a clearly defined boundary, in the
sense that a data point is either a member of a set or it is
not, a fuzzy set is a set without a crisp boundary, and it can
contain elements with only a partial degree of membership.
This means that a given element can simultaneously be a
member ofmore than one set. For example, suppose one defines
the optimum range of Zn absorption in a plant as the interval
[15, 150] mg kg−1 DM. Using the traditional set theory, it is
possible to define the equilibriumabsorption amount as a single
value set (a singleton) containing the element 25 mg kg−1 DM,
or define it as a broader set containing the elements between
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and any given absorption amount is either in, or not in, the
equilibrium range. Fuzzy sets allow for partialmembership, and
an absorption amount of 25 mg kg−1 DM might be regarded
as having partial membership of the (fuzzy) equilibrium set
and partial membership of a below-equilibrium set. In practice,
this allows the resulting model a high degree of flexibility in
dealingwith uncertainty and imprecision,which is in the nature
of many real world problems. In the following, we will discuss
some mathematics of the fuzzy set theory.
Definition 1. Let X be a non-empty set.
(i) Any function, A˜ : X → [0, 1], called a membership
function, is a fuzzy set on X .
(ii) The support of A˜ is the crisp subset of X given by:
Supp(A˜) = {x : A˜(x) > 0 and x ∈ X}.
(iii) The δ-cut of A˜ is the crisp subset of X given by:
A˜δ = {x : A˜(x) ≥ δ and x ∈ X},
for any δ ∈ (0, 1].
2.2. Why fuzzy hypothesis?
Testing statistical hypotheses is a main branch of statisti-
cal inference. Typically, a statistical hypothesis is an assertion
about the probability distribution of one or more random vari-
able(s). Traditionally, all statisticians assume that the hypothe-
ses for which we wish to provide a test are well-defined. This
limitation sometimes forces a statistician to undertake the de-
cision procedure in an unrealistic manner. This is because in
realistic problems, wemay come across non-precise (fuzzy) hy-
potheses. In other words, statistical hypothesis testing aims to
compare the statistical moments (such as mean, standard devi-
ations) of two or more treatments to evaluate whether or not
the samples in the different treatments are drawn from the
same population. Conventional statistical tests make rigorous
assumptions about the hypothesis (e.g., the two means are ex-
actly equal in some statistical sense). On the other hand, fuzzy
hypothesis testing does not make rigorous assumptions with
regard to the hypothesis. Fuzzy hypotheses, such as when two
means are nearly equal, are more suited when assumptions un-
derlying the statistical measures cannot be met [29]. For exam-
ple, suppose that θ (the interested parameter) is the proportion
of a population which has a disease. We take a random sample
of elements and study the sample for having some idea about
θ . In ordinary hypotheses testing, one uses hypotheses of the
form H0 : θ = 0.15 (say) versus H1 : θ ≠ 0.15 or of the form
H0 : θ ≤ 0.15 versus H1 : θ > 0.15 and so on. However,
we would sometimes like to test more realistic hypotheses. In
this example, more realistic expressions about θ would be con-
sidered as: small, very small, large, approximately 0.5 and so on.
Therefore, more realistic formulation of the hypotheses might
be (for example): H˜0 : θ is small, versus H˜1 : θ is not small.
We call such expressions fuzzy hypotheses [30]. In the present
work, we model such hypotheses by fuzzy sets and then intro-
duce a procedure to test these hypotheses using a fuzzy p-value
based approach.
Let us present another example of fuzzy hypothesis from
the agricultural sciences. Suppose an experimenter is interested
in evaluating the growth measures of plant diameters, and it
is known that the distribution of such diameters is N(µ, σ 2)Figure 1: The membership function H˜(θ) in Example 1.
where σ is known. In an ordinary case, test H0 : µ = µ0
against H1 : µ ≠ µ0 is used. Obviously, in this example, if
themean of the given sample is slightly different fromµ0,H0 is
still acceptable, but a considerable difference fromµ0 makesH0
unacceptable. Thus it is reasonable to accept the null hypothesis
if µ is close to µ0 (µ ∼= µ0) and to reject it if µ is far from
µ0(µ ˜≠µ0). Therefore, the realistic hypotheses are:
H˜0 : µ ∼= µ0,
H˜1 : µ ˜≠µ0.
Such observation leads statisticians to the following definition.
For instance see [18,25,30].
Definition 2. Any hypothesis of the form ‘‘H˜ : θ is H˜ ’’ is called a
non-precise (fuzzy) hypothesis where H˜ : Θ → [0, 1] is a fuzzy
set of parameter space,Θ , with membership function, H˜ .
Example 1. Consider the function:
H˜(θ) =

10θ − 3
2
if 0.3 < θ ≤ 0.5,
7− 10θ
2
if 0.5 < θ ≤ 0.7,
0 else where.
This function expresses the fact that θ ∼= 0.5 (θ is close to 0.5),
which is depicted in Figure 1.
2.3. Testing fuzzy hypotheses
Statistical testing of a hypothesis is a process of indirect
proof. This is because the data analyst assumes a single hypoth-
esis (null hypothesis) about the underlying phenomenon to be
true. The objective of a statistical test is to verify the null hy-
pothesis. The test has a ‘‘crisp’’ outcome: the null hypothesis
is either rejected or retained. According to the statistical the-
ory, retaining the null hypothesis should not be interpreted as
accepting that hypothesis. It just means that the experimenter
does not have sufficient statistical evidence that the null hy-
pothesis is not true.
A fuzzy hypothesis test is used to determine the truth
(or falsity) of a proposed fuzzy hypothesis. Testing fuzzy
hypotheses should produce a value on [0, 1], which indicates
the degree to which the hypothesis is valid for the given sample
data. This is an extended version of classical hypotheses testing,
which yields a crisp value in {0, 1}. Testing fuzzy hypotheses
A. Parchami et al. / Scientia Iranica, Transactions C: Chemistry and Chemical Engineering 18 (2011) 470–478 473will accept the null fuzzy hypothesis H˜0 to some degree D ∈
[0, 1], and the alternative hypothesis H˜1 to some degree 1 − D
(see [31]).
The main problem in testing fuzzy hypotheses is as follows.
Suppose that two membership functions, H˜0 and H˜1 : Θ →
[0, 1], are given and considering the above discussions, the
main problem is to test fuzzy hypotheses:
H˜0 : θ is H˜0(θ),
versus,
H˜1 : θ is H˜1(θ),
based on a random sample, X = (X1, . . . , Xn), from a probabil-
ity density (mass) function, f (x; θ)with unknown θ ∈ Θ where
Θ is the parameter space. This problem is called the problem
of testing fuzzy hypotheses, where a p-value based approach is
proposed to solve it.
In a nonrandomized test, the space of possible values of the
test statistic, T , is decomposed into a rejection region, and its
complement, the acceptance region. Depending on hypotheses
H˜0 and H˜1, the rejection region usually takes one of the follow-
ing forms:
T ≤ tl, (1a)
T ≥ tr , (1b)
T ∉ (t1, t2), (1c)
where tl, tr or t1 and t2 are certain qualities of the distribution
of T [26,27].
Note 1. In testing precise hypotheses, the p-value for Eqs. (1a)–
(1c) could be obtained as a function of the boundary of the null
hypothesis, respectively, as follows:
p-value = Pθ0(T ≤ t), (2a)
p-value = Pθ0(T ≥ t), (2b)
p-value =

2Pθ0(T ≥ t) if t ≥ m,
2Pθ0(T ≤ t) if t < m, (2c)
where θ0 is the boundary of the null hypothesis and m is the
median of the distribution of T .
Note 2. In statistics, a result is called statistically significant if
it is unlikely to have occurred by chance. Usage of the word
significance in statistics is different from the standard one
which suggests that something is important or meaningful. For
example, a study that included tens of thousands of participants
might be able to say with very great confidence that people of
one race are more intelligent than people of another race by
1/20 of an IQ point. This result would be statistically significant,
but the difference is small enough to be utterly unimportant.
Many researchers urge that tests of significance should always
be accompanied by effect size statistics, which approximate the
practical importance of the difference. The amount of evidence
required to accept that an event is unlikely to have arisen by
chance is known as the significance level. Popular levels of
significance are 10%(0.1), 5%(0.05), 1%(0.01) and 0.1%(0.001).
In testing classical hypotheses, the final decision is made by
comparing the obtained p-value and the given significance
level. In other words, one often rejects a null hypothesis if the
obtained p-value from Eq. (2) is less than the given significance
level.
In testing fuzzy hypotheses problems, the boundary of the
null hypothesis is a fuzzy set. Considering Note 1 and usingZadeh’s extension principle [12], Parchami et al. [26] defined
the fuzzy p-value as the fuzzy set P˜ or p˜-value on [0, 1], and they
characterized this fuzzy set by its δ-cuts for any critical region
of Relations (1a)–(1c), as follows:
(p˜-value)δ = [Pθ2(δ)(T ≤ t), Pθ1(δ)(T ≤ t)], (3)
(p˜-value)δ = [Pθ1(δ)(T ≥ t), Pθ2(δ)(T ≥ t)], (4)
(p˜-value)δ =
[2Pθ1(δ)(T ≥ t), 2Pθ2(δ)(T ≥ t)] if t ≥ mr ,[2Pθ2(δ)(T ≤ t), 2Pθ1(δ)(T ≤ t)] if t ≤ ml, (5)
where δ, θ1(δ) and θ1(δ) are such that (H˜0b)δ = [θ1(δ), θ2(δ)],
δ ∈ (0, 1] and:
ml = inf{m : m ∈ Supp (m˜)},
mr = sup{m : m ∈ Supp (m˜)}, (6)
inwhich fuzzy set m˜withmembership function m˜(m) = H˜0b(θ)
is the median of the distribution of the test statistic under the
fuzzy null hypothesis boundary, H˜ob.
One can expect that if the fuzzy p-value, P˜ , is less than a given
fuzzy significance level, S˜, then H˜0 is rejected, otherwise H˜0 is
not rejected at level S˜. To compare P˜ and S˜, one can use the
following criterion, which is presented by Yuan [32]. It must be
noted that none of the main results of the present work will
be lost by altering this comparison approach to one that fits
the demands of the decision makers, and so the comparison
approach is a subjective matter. Moreover, it is important to
recognize that the fuzzy hypotheses testing problem does not
lead to a crisp acceptance or rejection, but indicates the degree
of rejection of the null hypothesis. That is why we use Yuan’s
approach for this comparison, since it is reasonable and has the
required appropriate properties (see [32] for more details).
Definition 3. The truth degree of ‘‘A˜ is greater than B˜’’ is defined
to be:
D(A˜ ≻ B˜) = ∆A˜B˜
∆A˜B˜ +∆B˜A˜
, (7)
where A˜ and B˜ are two fuzzy sets:
∆A˜B˜ =
∫
a+
A˜δ
>a−
B˜δ
(a+
A˜δ
− a−
B˜δ
)dδ +
∫
a−
A˜δ
>a+
B˜δ
(a−
A˜δ
− a+
B˜δ
)dδ,
and:
a+
A˜δ
= sup{x : x ∈ A˜δ},
a−
A˜δ
= inf{x : x ∈ A˜δ}.
2.4. Computational procedure
For testing fuzzy hypotheses based on the fuzzy p-value
method one can use the following computational procedure:
Step 1. Given the membership function of the null hypothesis,
H˜0, compute the membership function of its boundary,
i.e. H˜0b, which is defined in Definition 6 of [28].
Step 2. Compute the left and the right end points of the δ-cut of
H˜0b, i.e. θ1(δ) and θ2(δ) where (H˜0b)δ = [θ1(δ), θ2(δ)],
for all δ ∈ (0, 1].
Step 3. Regarding the forms of the presented rejection regions
(Relations (1a)–(1c)), compute the δ-cuts of p˜-value by
Eqs. (3)–(5) for all δ ∈ (0, 1].
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Texture F.C. CEC pH EC CaCO3 C Zn Cd
Sandy loam 12% 12.17 meq.100 g−1 7.58 1323 µs 11.47% 0.604% 0.272 ppm 0 ppmStep 4. Given the fuzzy significance level, S˜, and using Eq. (7), if
D(P˜ ≻ S˜) ≥ 0.5 (or, equivalently, D(P˜ ≻ S˜) ≥ D(S˜ ≻
P˜)), then accept H˜0, with the degree of acceptance,
D(P˜ ≻ S˜) and stop.
Step 5. Conclude by accepting the alternative fuzzy hypothesis,
H˜1, and reject H˜0, with the degree of rejection, D(S˜ ≻
P˜) = 1− D(P˜ ≻ S˜).
In the next section, an experimental study on cadmium
absorption is presented to clarify the above computational
procedure.
3. An experimental study on cadmium absorption
This research was conducted on an agriculturally polluted
soil with CdNO3 salt in a laboratory at Tehran University,
Iran [2]. The treatments included application of three treat-
ments each of 0, 10 and 20 mg kg−1 cadmium in soil on radish
plants in 25 replications. Some chemical andphysical properties
of the used soil arementioned in Table 1. The texturewas deter-
mined by the hydrometer method [33], the carbon percentage
by the dichromate oxidation method [34], the calcium carbon-
ate percentage by the gas volumetric method, the amount of
heavy metals made available by wet digestion in a mixture of
perchloric andnitric acid [35], the soil pHusing a 1/2.5 soil sam-
ple/water ratio in a glass electrode [36], and CEC by the NH4-
acetate displacement method [37].
Five radish seeds were grown in each pot, covered by sand,
and all pots were irrigated with distilled water, keeping the soil
moisture at field capacity. After 8 weeks, the lower plant parts
were harvested, dried and ground, and the powder samples
were ashed in an electric oven at 550 °C. The samples were
digested with HCl2N and plant extracts were prepared. The
cadmium element in the plant extracts was determined with
an Atomic Absorption Spectrometer.
The main motivation of this study is to test the following
hypothesis: ‘‘Is the mean absorption Cd in the plant suitable for
each level of treatment or not?’’ In order to achieve this goal, we
first use classical hypotheses testing.
3.1. Testing classical hypotheses: p-value method
Suppose that (X1, . . . , X25) be a random sample with ob-
served value (x1, . . . , x25). Based on the observation, we can
consider that the amount of cadmium absorption is distributed
normally with unknown mean µ and standard deviation s, i.e.
Xi ∼ N(µ, s2) in which the unknown variance parameter is
estimated by a maximum likelihood estimator, s2 = 1n
∑n
i=1
(xi−x¯)2. In otherwords, the normal distribution assumption for
random variable Xi comes from the essence of random variable
Xi, which is rooted fromnature. For example, we can accept that
the growth rate of plants in a specific time period, the uptake
amount of heavymetals through the roots of the plants in a spe-
cific greenhouse experiment, or theweight of seeds picked from
a particular plant type, are all normal random variables with
suitable means and variances. Note that even if Xi is skewed, itTable 2: The optimum range and the maximum amount of elements
absorption in a plant (mg kg−1 DM).
Element Optimum range Maximum
Cd 0.05–0.2 3
Zn 15–150 300
Pb 0.1–1 10
Ni 0.10-1 3
is known that X¯ is approximately normal for a relatively large
sample size by the central limit theorem.
The optimum range and maximum amount of elements
absorbed by a plant have been proposed by Pais and Benton [1]
in Table 2. The main motivation of this study is to test the
following hypothesis ‘‘Is the mean absorption Cd in a plant
suitable or not?’’ In other words, for each observed sample,
(x1, . . . , x25), the experimenter wants to investigate following
question: ‘‘Does the mean absorption Cd in the plant coincide
with the proposed suitable amounts by Pais and Benton in
Table 2’’.
Regarding the presented information in the first row of
Table 2, and considering the amount of cadmium absorption
with parameter µ, the experimenter decides to formulate
the presented problem by either of the following two testing
hypotheses problems:
Test 1:
H0 : µ ≥ 0.2 against, H1 : µ < 0.2.
Test 2:
H0 : µ ≥ 3 against, H1 : µ < 3.
For instance, in the first treatment (without cadmium), accord-
ing to a random sample of size n = 25 pots, the experimenter
has observed the following data:
1.33 1.42 1.56 1.85 1.89
2.96 2.97 1.60 2.02 1.78
1.98 1.86 1.63 1.56 2.12
1.35 1.52 1.32 2.06 1.38
1.09 2.50 1.61 1.46 2.18
Hence the sample mean is x¯ = 1.80 mg kg−1 and the sample
standard deviation is s = 0.479 mg kg−1. Regarding form H1,
the rejection region is of the form Relation (1b) and hence by
Relation (2b), one can compute the p-value in Test 1, as follows:
p-value = Pµ0(X¯ ≥ 1.8) = P

Z ≥ 1.8− µ0
s/
√
n

=
∫ ∞
1.8−0.2
0.479/
√
25
(2π)−1/2 exp

− z
2
2

dz
= 6.395× e−63 ≃ 0, (8)
where µ0 = 0.2 is the boundary of null hypothesis H0 :
µ ≥ 0.2 for Test 1, and Z is the standard normal random
variable. Similarly, one can easily compute p-value ≃ 1 in
Test 2. Therefore, at the significance level 0.1, the experimenter
decides to reject H0 in Test 1, and decides to accept H0 in
A. Parchami et al. / Scientia Iranica, Transactions C: Chemistry and Chemical Engineering 18 (2011) 470–478 475Table 3: The results of experiments and testing precise hypotheses for each three cadmium treatments in bellow radish parts.
Treatment# Cd amount in
soil (mg kg−1)
Observed sample statistics of Cd
in bellow radish parts (mg kg−1)
The null hypothesis p-value The result on the
null hypothesis
1 0 x¯ = 1.80, s = 0.479 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=1 Accepted
2 10 x¯ = 2.86, s = 0.823 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) 0.802 Accepted
3 20 x¯ = 2.58, s = 1.080 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=1 AcceptedTable 4: The results of experiments and testing precise hypotheses for each three cadmium treatments in aerial radish parts.
Treatment # Cd amount in soil
(mg kg−1)
Observed sample statistics of Cd
in aerial radish parts (mg kg−1)
The null hypothesis p-value The result on the
null hypothesis
1 0 x¯ = 0.42, s = 0.127 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=1 Accepted
2 10 x¯ = 2.94, s = 0.629 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) 0.683 Accepted
3 20 x¯ = 4.63, s = 0.906 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=1 AcceptedTable 5: The results of experiments and testing precise hypotheses for each three cadmium treatments in aerial cress parts.
Treatment # Cd amount in soil
(mg kg−1)
Observed sample statistics of Cd
in aerial cress parts (mg kg−1)
The null hypothesis p-value The result on the
null hypothesis
1 0 x¯ = 1.22, s = 0.373 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=1 Accepted
2 10 x¯ = 9.13, s = 1.372 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=0 Rejected
3 20 x¯ = 13.20, s = 1.135 Test 1 (H0 : µ ≥ 0.2) ∼=0 RejectedTest 2 (H0 : µ ≥ 3) ∼=0 RejectedTest 2 (see the first row of Table 3). Also in Table 3, one can
find the results of testing similar hypotheses on the other
two treatments, i.e. 10 and 20 mg kg−1 cadmium in soil. The
experimenter considers similar testing on the upper radish
parts and also on the upper cress (Lepidium sativum) parts for
three treatments (0, 10 and 20 cadmium in soil) and the results
of experiments were reported in Tables 4 and 5.
Regarding the results in Tables 3–5, in most cases, we
face a contradiction in the results of Tests 1 and 2. In fact,
this contradiction comes from the difference between the null
hypotheses in Tests 1 and 2, which comes from very vague
information proposed by Pais and Benton [1] in the first row
of Table 2.
As it is argued that testing classical hypotheses fails for this
specific application, we are forced to find an alternativemethod
to deal with it. In the next subsection, we are going to remove
the contradictory decisions by using fuzzy hypotheses testing.
3.2. Testing fuzzy hypotheses: Fuzzy p-value method
One cannot represent the whole information of each row
of Table 2 by a classical (precise) set. But using a fuzzy set
theory, for instance, one can show the optimum range and
maximum amount of Cd uptake in a plant by the following
fuzzy set in which the membership is considered to be 1 on
interval [0, 0.05], since lower cadmium absorption is better for
any plant (Figure 2).
H˜0(µ) =

1 if 0 ≤ µ < 0.2,
3− µ
2.8
if 0.2 ≤ µ < 3,
0 if µ ≥ 3.
(9)Considering the amount of cadmium absorption with parame-
ter µ, the experimenter decides to test the following hypothe-
ses at the significance level 0.1:
H˜0: The mean absorption Cd in the plant coincides with the
proposed amounts in Table 2,
H˜1: The mean absorption Cd in the plant does not coincide
with the proposed amounts in Table 2,
or equivalently, the experimenter wants to test the following
fuzzy hypotheses for each treatment at the significance level,
0.1:
H˜0 : µ is H˜0(µ),
H˜1 : µ is H˜1(µ),
in which H˜0 and H˜1 are respectively given by the membership
functions H˜0(µ) and H˜1(µ) = 1 − H˜0(µ) depicted in Figure 3.
To test the fuzzy null hypothesis, H˜0, against the alternative
fuzzy hypothesis, H˜1, the presented computational procedure
in Section 2.4 is followed, as below:
Step 1. Hypothesis H˜0 is a one-sided fuzzy hypothesis and the
boundary of fuzzy null hypothesis H˜0 is obtained in
Eq. (10), which is depicted in Figure 3:
H˜0b(µ) =
3− µ
2.8
if 0.2 ≤ µ < 3,
0 if µ < 0.2 or µ ≥ 3.
(10)
Step 2. Obviously, (H˜0b)δ = [µ1(δ), µ2(δ)] for all δ ∈ (0, 1]
and therefore µ1(δ) = 0.2 and µ2(δ) = 3 − 2.8δ by
Definition 1.
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Treatment # Cd amount in soil
(mg kg−1)
Observed sample statistics of Cd
in bellow radish parts (mg kg−1)
D(S˜ ≻ P˜) D(P˜ ≻ S˜) The null fuzzy
hypothesis
1 0 x¯ = 1.80, s = 0.479 0.285 0.715 Accepted
2 10 x¯ = 2.86, s = 0.823 0.818 0.182 Rejected
3 20 x¯ = 2.58, s = 1.080 0.584 0.416 RejectedFigure 2: The membership functions of fuzzy hypotheses.
Figure 3: The membership functions of a fuzzy null hypothesis and its
boundary.
Step 3. In this step, the δ-cuts of p˜-value for all δ ∈ (0, 1] are
computed. For instance, in the first treatment (without
cadmium), according to a random sample of size n = 25
pots, the experimenter has observed the sample mean,
x¯ = 1.80 mg kg−1, and the sample standard deviation,
s = 0.479 mg kg−1. Regarding to H˜1 form, the rejection
region is of the form Relation (1b) and hence by Eq.
(4), the δ-cuts of the fuzzy p-value P˜ are the following
intervals for δ ∈ (0, 1], depicted in Figure 4:
P˜δ = (p˜-value)δ
= Pµ1(δ)(X¯ ≥ 1.8), Pµ2(δ)(X¯ ≥ 1.8)
=
[
P

Z ≥ 1.8− µ1(δ)
s/
√
n

, P

Z ≥ 1.8− µ2(δ)
s/
√
n
]
=
∫ ∞
1.8−µ1(δ)
0.479/
√
25
(2π)−1/2 exp

− z
2
2

dz,
∫ ∞
1.8−µ2(δ)
0.479/
√
25
(2π)−1/2 exp

− z
2
2

dz
 . (11)Step 4. By Definition 3, one can obtain ∆S˜P˜ = 0.1511, ∆P˜ S˜ =
0.3797 and D(P˜ ≻ S˜) = 0.715, which is greater than
0.5. Therefore, in this step, one can accept H˜0 with 0.715
degrees of acceptance, which is recorded in the first row
of Table 6. In other words, one can accept that the mean
absorption Cd in the lower radish parts coincides with
the proposed amounts in Table 2, with 0.715 degrees
of acceptance. Also, in Table 6, one can find the results
of testing similar fuzzy hypotheses on the other two
treatments; 10 and 20 mg kg−1 of cadmium in the soil.
The experimenter considers similar tests on the upper
radish parts and also on the upper cress parts for three
treatments 0, 10 and 20 mg kg−1 cadmium in the soil.
For each case, the fuzzy p-value is depicted in Figures 5
and 6. Also, the results of the experiments are reported
in Tables 7 and 8. In this study, note that the obtained
fuzzy p-values have a lot of fuzziness, since the fuzziness
of H˜0, which is introduced by Pais andBenton [1], is high.
4. Conclusions and future work
Environmental analysis, especially risk-based decisionmak-
ing, is often plagued by uncertainties in data, imprecision in
available modeling tools and vagueness in an understanding
of the underlying scientific and technical underpinnings. These
limitations affect regulatory and policy decisions that are to be
made at the site, andmust therefore be quantified and commu-
nicated across during the risk-based decision making process.
In addition to statistical randomness associated with input pa-
rameters, regulatory decision-making must also reconcile with
inherent uncertainties arising due to differences between site-
characteristics and the chosen mathematical model. There are
many cases where these uncertainties are available as linguis-
tics expressions that could be modeled as fuzzy sets. The need
for testing fuzzy hypotheses emerged from an attempt to pro-
vide a rigorous mathematical framework for precisely dealing
with uncertain phenomena expressed by fuzzy sets. In practi-
cal problems, one may face fuzzy rather than crisp hypotheses.
For instance, an experimenter must use a fuzzy hypothesis to
gather all information concerning the optimum range andmax-
imum amount of cadmium absorbed in a plant. In testing such
hypotheses, the p-value should also be a fuzzy set. It is worth
mentioning that in this situation, using classical hypotheses
may fail due to the experimenter being led to contradictory
decisions. By constructing a fuzzy hypotheses testing problem,
this research was conducted to study the suitable amount of
cadmium absorption in two plants of radish and cress from soil
polluted with CdNO3 salt. After considering several treatments
for cadmium in soil, the fuzzy p-value in each case is computed.
Then, by comparing the obtained fuzzy p-value and significance
level 0.1, the degree of acceptance or rejection of the null fuzzy
hypothesis was computed for each treatment. Note that when
one operates in a fuzzy environment, it is useful to introduce a
criterion regarding the degree of certainty about his or her de-
cision. The presented degree of acceptance of the null hypothe-
sis in this research belongs to [0, 1] but in ordinary hypotheses
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Treatment # Cd amount in soil
(mg kg−1)
Observed sample statistics of Cd
in aerial radish parts (mg kg−1)
D(S˜ ≻ P˜) D(P˜ ≻ S˜) The null fuzzy
hypothesis
1 0 x¯ = 0.42, s = 0.127 0.114 0.886 Accepted
2 10 x¯ = 2.94, s = 0.629 0.902 0.098 Rejected
3 20 x¯ = 4.63, s = 0.906 1 0 RejectedTable 8: The results of experiments and testing fuzzy hypotheses for each three cadmium treatments in aerial cress parts.
Treatment # Cd amount in soil
(mg kg−1)
Observed sample statistics of Cd
in aerial cress parts (mg kg−1)
D(S˜ ≻ P˜) D(P˜ ≻ S˜) The null fuzzy
hypothesis
1 0 x¯ = 1.22, s = 0.373 0.188 0.812 Accepted
2 10 x¯ = 9.13, s = 1.372 1 0 Rejected
3 20 x¯ = 13.20, s = 1.135 1 0 RejectedFigure 4: The membership functions of p˜-values for treatments 0, 10 and 20 mg kg−1 cadmium in bellow radish parts, respectively.Figure 5: The membership functions of p˜-values for treatments 0, 10 and 20 mg kg−1 cadmium in aerial radish parts, respectively.Figure 6: The membership functions of p˜-values for treatments 0, 10 and 20 mg kg−1 cadmium in aerial cress parts, respectively.testing, it belongs to {0, 1}. This is one of the benefits of using
fuzzy approaches instead of conventional methods in routine
environmental practices containing uncertainties in nature. The
results showed that the proposed fuzzy hypotheses testing, is a
rational substitute for testing classical hypotheseswhen the en-
vironment has a vague status.
To solve the problem of hypotheses testing, the following
five basic approaches exist for different situations as test pro-
cedure methods:
(a) Neyman–Pearson lemma.(b) Bayesian.
(c) Likelihood ratio.
(d) Minimax.
(e) p-value.
Each of them has different assumptions on the model and
a well-defined optimality criterion. Also there exists strong
mathematical proof behind each of them. In other words, all
presented procedures are optimal for different situations and
therefore in some cases, comparing them is not reasonable. The
478 A. Parchami et al. / Scientia Iranica, Transactions C: Chemistry and Chemical Engineering 18 (2011) 470–478presentedmethod in this paper is based on the p-valuemethod,
because:
(i) The p-valuemethod is the simplest approach (with the least
assumptions) to solve the ‘‘testing hypotheses’’ problem.
(ii) The p-value approach is often specified as a general method
in applied sciences, such as economics, social sciences,
agriculture and environmental sciences.
As a future research problem, one canuse (a)–(d) approaches
for this soil study and for other similar applications where test-
ing fuzzy hypotheses is considered.
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